In this paper, we show that every (3k − 3)-edge-connected graph G, under a certain condition on whose degrees, can be edge-decomposed into k factors G1, . . . , G k such that for each vertex v ∈ V (Gi),
Introduction
In this article, graphs have no loops, but multiple edges are allowed, and a general graph may have loops and multiple edges. Let G be a graph. The vertex set and the edge set are denoted by V (G) and E(G), respectively. We denote by d G (v) the degree of a vertex v in the graph G, whether G is directed or not.
Also the out-degree and in-degree of v in directed graph G are denoted by d In 1971 de Werra observed that bipartite graphs admit equitable factorizations.
In 1994 Hilton and de Werra proved that any given arbitrary simple graph admits nearly equitable factorizations. In particular, the family of simple graphs that have no vertices with degree divisible by k admit equitable factorizations. In 2011 Zhang and Liu [23] showed that this family of simple graphs can be developed to a larger family of simple graphs whose vertices with degree divisible by k form an induced forest.
Theorem 1.2.([9])
Every simple graph G can be edge-decomposed into k factors G 1 , . . . , G k such that for
In this paper, we give several sufficient connectivity edge-conditions for the existence of an equitable factorization in graphs satisfying a simple condition on whose degrees as the following theorem.
k is a positive integer. If there is a vertex set Z with
Recently, Thomassen (2019) gave a sufficient odd edge-connectivity condition for the existence of a regular factorization in odd-regular graphs as the following theorem. In this paper, we develop this result to even-regular graphs and provide a common version for both of them by replacing odd-element edgeconnectivity condition 3k − 2. As an application, we deduce that every 3r-regular general graph of even order with odd-element edge-connectivity at least r − 2 can be edge-decomposed into 3-factors.
Theorem 1.4.([20])
Let k and r be two odd positive integers with r ≥ 3. If G is an odd-(3k − 2)-edgeconnected kr-regular general graph, then it can be edge-decomposed into r-regular factors.
In 2007 Correa and Goemans investigated factorizations of bipartite graphs and constructed the following theorem. Their proof was based on a result due Hoffman (1956) [10] on bipartite graphs, which says that every bipartite graph G has a factor F such that for each vertex v, |d F (v) − εd G (v)| < 1, where ε is a real number with 0 < ε < 1.
In 2008 Feige and Singh [5] generalized Theorem 1.5 to general graphs by replacing the following theorem of Kano and Saito (1983) in the proof. This theorem guarantees the existence of a factor with degrees near to εd G (v) in general graphs. Theorem 1.6.( [11] ) Let G be a general graph and let ε be a real number with 0 < ε < 1. Then G has a factor F such that for each vertex v,
It would be interesting to decide whether the upper bound in Theorem 1.5 can be pushed down to 1 for general graphs with high enough edge-connectivity, depending on the smallest ε i , under a certain condition on whose degrees. In this paper, we restrict our attention to answer a weaker version of this problem. More precisely, we give sufficient edge-connectivity conditions to improve Theorem 1.6 by replacing the term " < 1" as the following result.
Theorem 1.7. Let G be a general graph and let ε be a real number with
connected, then it has a factor F such that for each vertex v,
Moreover, we provide an improvement for Theorem 3.4 in [1] by replacing a weaker edge-connectivity condition. As a consequence, we refine the needed edge-connectivity of the main result in [2] by replacing odd edge-connectivity condition as the following theorem, which implies that every r-regular graph of even order with odd edge-connectivity at least ⌈r/3⌉ admits a 3-regular factor. Theorem 1.8. Let r and and r 0 be two odd positive integers with r ≥ r 0 . If G is an odd-⌈r/r 0 ⌉-edgeconnected r-regular general graph, then it contains an r 0 -factor.
Equitable factorizations of directed graphs
In this section, we shall formulate following theorem on existence of equitable factorizations in directed general graphs that provides a relationship between orientations and factorizations of general graphs and is motivated by Theorem 2 in [20] .
Theorem 2.1. Let G be a general graph and let k be a positive integer. If the edges of G are directed, then it can be edge-decomposed into k factors G 1 , . . . , G k such that for each factor
and for each v ∈ V (G i ),
Proof. The proof presented here is inspired by the proof of Theorem 2 in [20] . 
it is easy to check that there is a path P such that whose edges are colored alternatively by c i and c j , and also whose end edges are colored with c i . Now, it is enough to exchange the colors of the edges of P to find another proper edge-coloring that contradicts the minimality of 1≤i≤j≤k |m i − m j |. Hence we must have |m i − m/k| < 1 for every graph G i , where m = |E(G)|. Therefore, G 1 , . . . , G k are the desired factors we are looking for.
Proof. First, consider an orientation for G such that for each vertex v, |d
Next, apply Theorem 2.1 on this directed general graph.
Let ε 1 , . . . , ε k be k positive real numbers with ε 1 + · · · + ε k = 1. Assume that Theorem 1.5 holds for these numbers but by replacing the upper bound of 3 on |d Gi (v)− ε i d G (v)| by 1. For example, consider the special case k = 2 [10] . By the same arguments stated in the poof of Theorem 2.1, one can prove the following theorem for directed graphs. Theorem 2.3. Let G be a general graph. If the edges of G are directed, then it can be edge-decomposed
Graphs with high enough edge-connectivity
In this section, we are going to apply combinations of the following theorems on modulo orientation of graphs and Theorem 2.1 and give several applications on equitable factorizations of general graphs.
Theorem 3.1.( [7, 16] ) Let G be a general graph, let k be an integer, k ≥ 2, and let p :
has a p-orientation modulo k. Theorem 3.2.( [7, 16] ) Let G be a (loopless) graph, let k be an integer, k ≥ 2, and let p :
Theorem 3.3.( [7, 16] ) Let G be a general graph of size and degrees divisible by k, where k is a positive integer. Then G has an orientation with out-degrees divisible by k, if for every X ⊆ V (G) with |X ∩ Q| odd,
where Q is the set of vertices whose degrees are not divisible by 2k and |Q| is even.
Equitable factorizations
The following theorem improves the upper bound in Theorem 1.2 for highly edge-connected graphs.
Theorem 3.4. Let G be a general graph with z ∈ V (G) and let k be a positive integer. If G is (2k − 2)-
Furthermore, for the vertex z, we can have |d Gi (z) − d G (z)/k| < 2, and also
Proof. By Theorem 3.1, the general graph G has an orientation such that for each v ∈ V (G)\z, d
it is enough to apply Theorem 2.1.
The following theorem improves the upper bound for the exceptional vertex z in Theorem 3.4 by imposing a simple degree sum condition.
Theorem 3.5. Let G be a general graph and let k be a positive integer. Assume that G is (3k − 3)-edge-
Furthermore, the theorem holds for (2k − 1)-edge-connected essentially (3k − 3)-edge-connected loopless graphs.
, and for each v ∈ V (G) \ Z, define p = 0. By the assumption, 
Proof. Let Z ′ be the set of all vertices of G such that whose degrees are not divisible by k, where k = 3. If
number. Notice that when |Z ′ | = 0, |E(G)| is divisible by k. Hence the assertion follows from Theorem 3.5.
Graphs with size divisible by k
Graphs with size divisible by k are natural candidates for graphs satisfying the assumptions of Theorem 3.5.
We examine them to establish the following simpler version.
Theorem 3.7. Let G be a general graph of size divisible by k, where k is a positive integer. If G is (2k − 2)-tree-connected or (3k − 3)-edge-connected, then it can be edge-decomposed into k factors G 1 , . . . , G k with the same size such that for each v ∈ V (G i ),
Proof. By Theorem 3.1, the general graph G has an orientation such that out-degree of each vertex is divisible by k. Now, it is enough to apply Theorem 2.1.
When the graph G whose degrees are also divisible by k, the needed edge-connectivity condition can be replaced by an odd-element edge-connectivity condition as the next theorem by replacing Theorem 3.3 in the proof.
Theorem 3.8. Let G be a general graph with size and degrees divisible by k, where k is a positive integer.
If for every vertex X with |X ∩ Q| odd, d G (X) ≥ 3k − 2, then G can be edge-decomposed into k factors
Proof. By Theorem 3.3, the general graph G has an orientation such that out-degree of each vertex is divisible by k. Now, it is enough to apply Theorem 2.1.
The following corollary gives a supplement for Theorem 1.4 and partially confirms Conjecture 2 in [20] .
Corollary 3.9. Every kr-regular general graph of even order with odd-element edge-connectivity at least 3k − 2 can be edge-decomposed into r-factors.
Corollary 3.10. Every 3r-regular general graph of even order with odd-element edge-connectivity at least r − 2 can be edge-decomposed into 3-factors.
A sufficient edge-connectivity condition for the existence of ε-factors
In this section, we shall improve the upper bound in Theorem 1.6 for edge-connected graphs.
Theorem 4.1. Let G be a connected general graph and let ε be a real number with 0 < ε < 1. Set I to be the set of all vertices v that εd G (v) is integer, and assume that G has a vertex z that εd G (z) is not integer.
If for every nonempty subset X of I that G[X] has an odd cycle, we have
then G has a factor F such that for each vertex v,
Furthermore, for the vertex z, we can arbitrary have
Before proceeding with the proof, let us state a refined version of the well-known (g, f )-factor theorem due to Lovász (1970) .
Lemma 4.2.([14]
, see Page 5 in [18] Let G be a general graph and let g and f be two integer-valued functions on V (G) with g ≤ f . Then G has a (g, f )-factor, if and only if for all disjoint subsets A and B of V (G),
where ω g,f (G, A, B) denotes the number of components G[X] of the general graph G \ (A ∪ B) such that
, and also G[X] contains an odd cycle.
Now, we are ready to prove Theorem 4.1.
Proof of Theorem 4.
f (z) = ⌈εd G (z)⌉. Let A and B be two disjoint vertex subsets of V (G) with A ∪ B = ∅. By the definition of g and f , we must have
whether z ∈ A ∪ B or not. Take P to be the collection of all vertex sets X such that G[X] is a component B) , and also
G[X]
contains an odd cycle. It is easy to check that
Define P c = {X ∈ P : d G (X, A) > 0 and d G (X, B) > 0}. Obviously,
Set P a = {X ∈ P : d G (X, A) = 0} and P b = {X ∈ P : d G (X, B) = 0}. Note that for every X ∈ P a , we have
and hence v∈X (1 − ε)d G (v) must be odd. Moreover, for every X ∈ P b , v∈X εd G (v) must also be odd.
Thus by the assumption, we must have
and also
Therefore,
According to Relations (1), (2), and (3) one can conclude that
When both of A and B are empty, the above-mentioned inequality also holds, because there is a vertex v with g(v) < f (v) (possibly v = z) and hence ω g,f (G, ∅, ∅) = 0. Thus the assertion follows from Lemma 4.2.
Corollary 4.3. Let G be a connected general graph having a vertex whose degree is not divisible by k, where k is a positive integer. If G is k-edge-connected, then it contains a factor F such that for each vertex v,
Graphs with εd G (v) integer
In this subsection, we shall give a supplement for Theorem 4.1 by restricting our attention to graphs that 
where ω f (G, A, B) denotes the number of components B) , and also G[X] contains odd cycle.
The following theorem provides a common improved version for several known results.
Theorem 4.5. Let G be a connected general graph with z ∈ V (G), and let ε be a real number with 0 < ε < 1.
Assume that for each vertex v, εd G (v) is integer. If for every nonempty proper vertex subset X of V (G)
contains an odd cycle, we have
Furthermore, for the vertex z, we can d Proof. It is enough to apply Theorem 4.5 on each component separately, and using the fact that bipartite graphs have no odd cycles.
The following corollary improves Theorem 3.4 in [1] by replacing a weaker edge-connectivity condition. The following corollary is an improved version of the main result in [2] by replacing an odd edge-connectivity condition. Note that r-regular bipartite graphs are also odd-r-edge-connected. Assume that v∈V (G) d G (v)/k is even. If G is k-edge-connected, then it contains a factor F such that for
Equitable parity factorizations
In 1982 Hilton investigated parity factorizations of graphs with even degrees and constructed the following result.
Theorem 5.1. ([8] ) Every graph G with even degrees can be edge-decomposed into k factors G 1 , . . . , G k with even degrees such that for each v ∈ V (G i ),
Our aim in this section is to provide an extension for Theorem 5.1 in order to investigate parity factorizations of general graphs. For this purpose, we need to formulate an improved version for Theorem 2.1 on the factorization of directed graphs.
Theorem 5.2. Let G be a general graph and let k be a positive integer. If the edges of G are directed, then it can be edge-decomposed into k factors
In addition, for each vertex u with d -decomposed into k factors G 1 , . .
and d Gi (v) have the same parity, and also
Proof. By Lemma 5.3, the graph G has an orientation such that for each vertex v, d
. Now, it enough to apply Theorem 5.2.
Corollary 5.5. Every odd-7-edge-connected (6m + 1)-regular general graph can be edge-decomposed into three factors whose degrees lie in the set {2m − 1, 2m + 1}.
6 A sufficient edge-connectivity condition for the existence of parity ε-factors
As we already observed, Theorem 5.4 can guarantee the existence of many edge-disjoint parity factors in odd-edge-connected graphs whose degrees are bounded and small compared to the original graph. In this section, we turn our attention to find only one such factor by giving a better sufficient edge-connectivity condition. 
Furthermore, for a given arbitrary vertex z, we can arbitrary have
For proving the theorem, we need the following well-known lemma due to Lovász (1972) . where Q is a given arbitrary vertex subset of V (G) with even size.
Corollary 6.4. Let G be a general graph and let ε be a real number with 0 ≤ ε ≤ 1. If G has even degrees, then it contains a factor F with even degrees such that for each vertex v,
Corollary 6.5. Let G be a 2-edge-connected general graph and let ε be a real number with 0 ≤ ε < 1. If G is odd-⌈1/(1 − ε)⌉-edge-connected, then it has a factor F with even degrees such that for each vertex v,
An immediate consequence of the following corollary was appeared in [13] which says that every 2-edgeconnected graph with minimum degree at least three admits a factor whose degrees are even and positive.
Corollary 6.6. Let G be a general graph and let ε be a real number with 0 ≤ ε ≤ 2/3. If G is 2-edgeconnected, then it has a factor F with even degrees such that for each vertex v,
By replacing Corollary 6.4 in the proof of Theorem 1.5, one can derive the following more general version but with greater bounds.
Theorem 6.7. Let ε 1 , . . . , ε k be k positive real numbers with ε 1 + · · · + ε k = 1. If G is a general graph with even degrees, then it can be edge-decomposed into k factors G 1 , . . . , G k with even degrees such that for each v ∈ V (G i ),
Proof. Apply Corollary 6.4 and the same arguments stated in the proof of Theorem 4 in [3] .
